A remarkable result of I. Shemer 4] states that the combinatorial structure of a neighbourly 2m-polytope determines the combinatorial structure of each of its subpolytopes. From this, it follows that every subpolytope of a cyclic 2m-polytope is cyclic. In this note, we present a direct proof of this consequence that also yields that certain subpolytopes of a cyclic (2m + 1)-polytope are cyclic.
Introduction
Let P be a (convex) d-polytope in IE d . The combinatorial structure, or face lattice, of P is the collection of all faces of P ordered by inclusion. We recall that the face lattice of P is completely determined by the set of facets of P, and that two polytopes are combinatorially equivalent if their face lattices are isomorphic. Next, a facet system of P is a pair (F; X) where X is a nite set, F 2 X and there is a bijection f : X ?! vert (P) such that fconv(ff(v) j v 2 X 0 g) j X 0 2 Fg is the set of facets of P. A subpolytope of P is the convex hull of a subset of its vertex set. For other elementary properties of P, we refer to 2].
A d-polytope P is neighbourly if every d=2] vertices of P determine a face of P. A well known family of neighbourly d-polytopes are the cyclic d-polytopes.
Let C(n; d) denote the convex hull of n points on the moment curve x(t) = (t; t 2 ; : : : ; t d ) in IE d , say, C(n; d) = conv(fx(t i ) j t 1 < t 2 < : : : < t n in IE 1 ; n d + 1g) :
A polytope that is combinatorally equivalent to some C(n; d) is called a cyclic d-polytope. Let C be a cyclic d-polytope with the vertex set V = fv 1 ; v 2 ; : : : ; v n g. From the combinatorial equivalence to C(n; d), we obtain (see 1]) that C is simplicial and that there is a total ordering of V , say, v 1 < v 2 < : : : < v n and called a vertex array, that satis es Gale's Evenness Condition (GEC): a d element subset Y of V determines a facet of C if and only if any two vertices of V nY are separated in the vertex array by an even number of elements of Y . We note that if d is even (odd) then v i < v i+1 < : : : < v n < v 1 < : : : < v i?1 (v n < v n?1 < : : : < v 1 ) also satis es GEC for any 2 i n.
For the sake of simplicity, we say that C is cyclic with v 1 < v 2 < : : : < v n if that vertex array of C satis es GEC. Let C 0 = conv(V 0 ), V 0 V , be a subpolytope of C. We say that C 0 is cyclic with v 1 < v 2 < : : : < v n if that vertex array induces one of C 0 that satis es GEC. Finally, we say that v i and v i+1 are successive vertices in v 1 < v 2 < : : : < v n .
As noted above, we wish to present a direct proof of the following result.
Theorem. Let Lemma. Let Returning to the Theorem, we assume rst that d is even. Next, because of the cyclic nature of the vertex array, we assume without loss of generality that i = n. Then Z = m j=1 Z j fv 1 ; : : : ; v n?1 g where m 2 and each Z j is a maximal set of successive vertices of C in Z. With v k < v l for v k 2 Z k , v l 2 Z l and k < l, we note that jZ 1 j and jZ m j are odd, and jZ j j is even for 1 < j < m. As v 1 2 Z 1 , v n?1 2 Z m and W = Z n fv 1 ; v n?1 g, it is clear that conv(W fv k ; v k+1 g) is a facet of C whenever W \ fv k ; v k+1 g = ;. Next, if Z j = fv 2 V j v k < v < v l g for some 1 < j < m then it is also clear that conv(W fv k ; v l g) is a facet of C. A repeated application of the Lemma now yields that fv 1 ; : : : ; v n?1 g is contained in one of the closed half-spaces of IE d bounded by H. Thus, H supports C n and conv(Z) is indeed a facet of C.
We argue similarly when d is odd. The remaining part of the proof follows as for the Theorem, and we leave the details to the reader. We note only that the statement is not true when d is odd and i = 1.
